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The Number o f  t o p o l o g i e s  on  n p o i n t s .  

S . D .  C h a t t e r j i ,  U n i v e r s i t y  o f  Copenhagen.  

A b s t r a c t :  U p p e r  and  l o w e r  bounds a r e  o b t a i n e d  f o r  t h e  number  o f  

a l l  t o p o l o g i e s  and t h e  number  o f  T o - t o p o l o g i e s  o n  n p o i n t s .  

c o n j e c t u r e s  r e g a r d i n g  t h e  m a g n i t u d e s  c f  t h e s e  nurcbers a r e  a l s o  

s t a t e d .  

V a r i o u s  

5 1 I n t r o d u c t i o n :  

L e t  p ( n )  b e  t h e  t o t a l  number  o f  d i s t i n c t  ( p o s s i b l y  h o m e o m o r p h i c )  

t o p o l o g i e s  o n  ri p o i r i t s  a n d  l e t  p o ( n )  b e  t h e  nu r rbe r  c f  T O - t o p o l o g i e s  

on n p o i n t s .  I n  t h i s  p a p e r ,  I h a v e  t r i e d  t o  o b t a i n  r e a s o n a b l e  

u p p e r  and  l o w e r  b o u n d s  f o r  p ( n )  a n d  p g ( n ) .  

d i s c u s s e d  i n  t h e  n e x t  s e c t i o n .  C l e a r l y ,  t h e  bounds  a r e  u n s a t i s -  

f a c t o r y  b u t  seem t o  b e  much b e t t e r  t h a n  w h a t  i s  known ( c o m p a r e  

[2]). I show t h a t  p ( n )  a n d  p o ( n )  v a r y  l i k e  e c n  T h i s  i s  i n  

s h a r p  c o n t r a s t  t o  B n ( n o t a t i o n  d e t e r r i n e d  h i s t o r i c a l l y ) ,  t h e  number  

o f  B o r e l - f i e l d s  o n  n e l e m e n t s ,  s i n c e  Bn = o ( e C n  ) f o r  a n y  c>O. 

See [ 5 ] .  

T h e s e  a r e  o b t a i n e d  and  

2 

2 

. I  

I c o n s i d e r  t h e  c a s e  o f  o n l y  f i n i t e  c a r d i n a l s  n i n  t h i s  p a p e r .  I f  

a i s  a n y  i n f i n i t e  c a r d i n a l ,  i t  i s  known t h a t  p ( a ) * =  22a  ( s e e  

S i e r p i n s k i  [ 4 ]  pp .  8 2 )  b u t  I do n o t  know o f  a n y  d i s c u s s i o n  o f  t h e  

number  o f  To, T1 ,..., t o p o l o g i e s .  

t h e r e  i s  o n l y  one T o r  b e t t e r  s e p a r a t e d  t o p c j l o g y .  

F o r  a f i n i t e  c a r d i n a l ,  o f  c o u r s e ,  

1 ’  

A f t e r  t h e  p r e s e n t  a r t i c l e  was c o m p l e t e d ,  M r .  S .  J o h a n s e n  a t t r a c t e d  

my a t t e n t i o n  t o  t h e  r e c e n t l y  p u b l i s h e d  a r t i c l e  o f  Evans ,  H a r a r y  a n d  

P r e p a r e d  u n d e r  R e s e a r c h  G r a n t  Number NsG-568 o f  N A S A  a t  K e n t  S t a t e  

U n i v e r s i t y ,  K e n t ,  O h i o ,  U S A .  
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Lynn " O n  t h e  CGmputing e n u m e r a t i o n  o f  f i n i t e  t o p o l o g i e s "  i n  

Communica t ions  c f  A C M  Vol.  1 0 ,  No. 5 ,  Fay ,  1967.  The p r e s e n t  

p a p e r  h a s  mucFi o v e r l a p  w i t h  t h a t  a r t i c l e .  My m e t h o d s ,  however ,  

seem rr,ore s t r a i g h t - f o r w a r d .  

n = 5 , 6 , 7  i n  t h e  t a b l e  i n  t h e  nex t  s e c t i o n  a r e  t a k e n  from t h e  

a b o v e - K e n t i o n e d  p a p e r .  The o t h e r  v a l u e s  f o r  n = l  t o  4 were  

o b t a i n e d  by s y s t e m a t i c  e n u m e r a t i o n  f o l l o w i n g  t h e  d i s c u s s i o n  

d e v e l o p e d  i n  t h e  n e x t  s e c t i o n  a n d  t a l l y  w i t h  t h e  f i g u r e s  ir: t h e  

The v a l u e s  o f  p ( n )  and p , ( n )  f o r  

above -men t ioned  p a p e r .  See a l s o  [ 2 ] .  

1 s h o u l d  l i k e  t o  t h a n k  Mr. R i c h a r d  P i o t r o w s k i  f o r  v a r i o u s  h e l p f u l  

n u m e r i c a l  c a l c u l a t i o n s  and P r o f e s s c r  de Bru i  j n  f o r  s e v e r a l  pene-  

t r a t i n g  o b s e r v a t i o n s .  

s 2  

Let  S be a f i n i t e  s e t  c o n t a i n i n g  n d i s t i n c t  e l e m e n t s  l a b e l l e d  s a y ,  

f o r  c c n v e n i e n c e ,  by t h e  i n t e g e r s  l , Z ,  . . .  n .  Of a l l  t h e  p o s s i b l e  

- 

e q u i v a l e n t  ways o f  d e f i n i n g  a t o p o l o g y  o n  S ,  I s h a l l  c h o o s e  t h e  

one by means o f  c l o s u r e  o p e r a t o r s  s a t i s f y i n g  K u r a t o w s k i ' s  p o s t u -  

l a t e s .  Because  o f  t h e  f i n i t e n e s s  o f  S ,  a c l o s u r e  o p e r a t o r  i s  

u n i q u e l y  and c o m p l e t e l y  d e t e r m i n e d  by a f u n c t i o n  F f rom S t o  P(S), 

t h e  s e t  o f  a l l  s u b s e t s  o f  S ,  which s a t i s f i e s  t h e  f G l l o w i n g  

p r o p e r t i e s :  

( a )  f o r  a l l  X E S ,  X E F ( X )  and ( b )  i f  Y E F ( X )  t hen  F ( y ) C F ( x ) .  

I f  n o w  F ( A ) ,  f o r  A c S ,  i s  d e f i n e d  t o  be u ( F ( x ) :  X E A )  t h e n  F s a t i s -  

f i e s  t h e  usua l  c l o s u r e  p o s t u l a t e s  v i z .  F ( b )  = 6 ( a  = empty s e t ) ,  

F ( d 9 A ,  F ( F ( A ) ) = F ( A ) ,  F ( A U B )  = F(A)uF(B). The problem t h e n  i s  

t c  c o u n t  t h e  number p ( n )  o f  d i s t i n c t  f u n c t i o n s  F s a t i s f y i n g  ( a )  
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and ( b )  a b o v e .  The f u n c t i o n  F i n d u c e s  a T o - t o p o l o g y  ( d e f i n i t i o n :  

g i v e n  x , y ,  x f y ,  3 an o p e n  s e t  c o r ; t c i n i n g  x and n o t  c o n t a i n i n g  y 

o r  v i ce  v e r s a )  i f  and o n l y  i f  g i v e n  x , y , x  f y ,  e i t h e r  x &  F ( y )  o r  

y 4 F ( x )  or b o t h .  Le t  p o ( f i )  b e  t h e  nitnber. c f  T c - t o p o l o g i e s  o n  S .  

I f  we w r i t e  E O N  x R y i f  x E F ( y ) ,  i t  i s  immeci ia tely v e r i f i e d  t h a t  

I? d e f i n e s  a r e f l e x i v e  a n d  t r a n s i t i v e  r e l a t i o n  of:  S .  C o n v e r s e l y ,  

g i v e n  a r e f l e x i v e  aRd t r a n s i t i v e  r e l a t i o n  R o n  S ,  t h e  f u n c t i o n  

F ( x )  = Eyly R x 3  i s  a mapp i :q  o f  S t o  P ( S )  s a t i s f y i n g  ( a )  and ( b )  

a b o v e .  Hence p ( r i )  i s  t h e  san;e as t h e  ntinber o f  r e f l e x i v e  and 

t r a n s i t i v e  r e l a t i o f i s  o n  S .  

t h e  n u n b e r  o f  r e f l e x i v e ,  an t i - symrr i e t r i c  and t r a n s i t i v e  r e l a t i o n -  

sh ips  or! s ,  i . e .  t h e  nurr,ber of p a r t i a l  o r d e r s  cr? s .  T h i s  l a t t e r  

S i m i l a r l y  i t  f o l l o w s  t h a t  p o ( n )  i s  

f a c t  i s  wel l -known s e e  e . g .  B i r k h o f f  [ l ]  p p .  1 4 .  

I t  i s  u s e f u l  a t  t h i s  p o i n t  t o  n o t e  t h a t  t k e r e  i s  a s i r r p l e  r e l a -  

t i o n s h i p  between p ( n )  and p ( n )  v i z .  0 

= t h e  n b r b e r  o f  d i s t i n c t  p a r t i t i o n s  o f  S i n t o  k d i s j c i n t ,  
n , k  where ci 

non-empty sL!bse ts .  E.g. a n , l = l ,  a , , 2 =  2 n - l  - 1 , . . .  a n Y n = 1 .  To  p r o v e  

t h i s  fo rmu1a ,  G n e  c a n  a r g u e  a s  f o l l w s .  Giver, a r e f l e x i v e  and 

t r a n s i t i v e  R ,  d e f i n e  x A, y i f  y R x and x R y .  T h i s  i s  c l e a r l y  an 

e q u i v a l e n c e  r e l a t i o n s h i p  and on  t h e  p a r t i t i o n  indEced  by t h i s  

e q u i v a l e n c e ,  R i n d u c e s  a p a r t i a l  o r d e r .  From h e r e ,  t h e  f o r m u l a  

can  be w r i t t e n  fGllOWS i n m e d i a t e l y .  E x p l i c i t  f o r m u l a e  f o r  a n,k 



r: 
down  b u t  c j ~ l y  t h e  SUII:  B,= C ar , , i :   ill be needed .  Then E,!,s a r e  tk,e 

s c - c a l l e d  e x p o n e n t i a l  nlrmbers ( a l s o  c a l l e d  B e l l  numbers c r  E u l e r  

nun t t e r s )  cnd e q u a l  t h e  number o f  d i s t i n c t  p a r t i t i o n s  o f  S ( o r  

e q u i v a l e n c e  r e l a t i o n s h i p s  on  5 or a i g e b r a s  o f  s e t s  cr1 S ) .  P.n 

e s t i r r , a t e  o f  E n  w i l l  be mentirinecl ; t i t e r .  

B A S  s e e  K o t a  [ 3 ] .  

k=l  

F o r  a r e c e n t  r e p o r t  o n  t h e  

I s h a l l  now o b t a i f i  u p p e r  a n d  .lower bounds f o r  p o ( r i ) .  

bounds f o r  p ( n )  h i l l  be deduced .  

From t h e s e ,  

I s h a l l  use  t h e  f a m i l i a r  d e v i c e  o f  Hasse d i a g r a m s  s l i g h t l y  e labo-  

r a t e t i ,  f o r  g e t t i n g  i n f o r m a t i o n  a b o u t  p o ( n ) ,  t h e  number o f  p a r t i a l  

o r d e r s  o n  S .  Given a p a r t i a l  G r d E r  - <, d e f i n e  f o r  X E S ,  

C l e a r l y  ( t h e  i n e q u a l i t y  h i  1 1  n o t  b e  used 1 a t e r )  1 - < d (  x )  - < I F (  x )  I 
where 1 A I  = c a r d i n a l  number o f  A a n d  F i s  t h e  f u n c t i o n  i n t r o d u c e d  

b e f o r e  which i n d u c e s  t h e  T o - t o p c l c g y  Kihich g i v e s  t h e  p a r t i a l  c r d e r .  

I f  d(x) = d(y), t h e n  x must be t i f i r e l a t ed  t o  y .  N o w  a e f i n e  a. I b 

( a  i n m e d i a t e l y  belcw b )  i f  a < b  b u t  f o r  nG c y  a < c < b .  C l e a r l y ,  i f  

a I b y  t h e n  d ( b ) > d ( a )  - + 1 .  B o t h  s t r i c t  e q u a l i t y  c r  i n e q u a l i t y  a r e  

p o s s i b l e .  F u r t h e r ,  g i v e n  X E S ,  d ( x ) > 2  - t h e r e  i s  a y e s  s u c h  th&t 

y I x, d ( y )  = d ( x )  - 1 .  Farm R O W  t h e  t lasse  d i ag ran .  a s  f o l l o w s .  

Le t  m = m a x  { d ( x )  I X E S ) ,  l < m < n .  - -  krrar,cje t h e  p c i n t s  of  S i n  m r o h s  

t h e  x w i t h  d ( x )  = k ,  l<k<rn,  - -  b e i n g  p u t  i n  t h c  k t h  now. J o i n  x w i t h  

y i f  a n d  cjnly i f  x I y or y I x .  Such a d i a g r a m  i s  f u l l y  c h a r a c t e r -  

i z e d  by t h e  f o l l o w i n g  d e s c r i p t i o n .  P o i r i t s  a r e  a r r a n g e d  i n  ~li non-empty 



rcws,  p o i n t s  o f  t h e  sanie rcw arE r e v e r  j o i n e d ,  e a c h  po i r ; t  o f  t h e  i t h  

ro\n;, i > 2 ,  - i s  j o i r , e d  t o  a t  l e a s t  cIne p c l i n t  o f  t h e  ( i - 1 ) s t  row ar id  2 

p G i n t  c f  t h e  i t h  row can  be j o i n e d  t o  a p o i n t  o f  t h e  j t h  row, j > i ,  

i f  a n d  o n l y  i f  t h e r E  i s  nc pa th  g o i n g  t h r o u g h  i n t e r m e d i a t e  rows 

which j c i n s  them. 

d i a g r a r r . s .  Then c l e a r l y ,  

Le t  i i , ( n )  b e  t h e  number c f  S E C ~  m-rowed Hasse 

I t  i s  e s s i l y  s e e n ,  by c o n s i d e r i n g  t h e  rraxin;um t e r m  i n  t h e  sum f o r  

h , ( n )  t h a t  
L 

Hence 

I t  i s  Gseless  t @  t r y  tc? inlprove t h e  l o w e r  b o u n d  f o r  p o ( n )  by t h i s  

method by c c n s i d e r i n g  h 3 ( n ) ,  h 4 ( n )  e t c .  s i n c e  t b e y  a r e  a l l  e a s i l y  

p roved  t o  be - o ( Z a n  ) o < ~ r < & .  The f c r t h e r  m a j o r  c o n t r i b u t i o n s  seem 

t o  come from h 

2 

( n )  where  k ( n )  i s  a s u i t a b l e  f c n c t i o n  o f  n .  k (  n )  

I s h a l l  now c b t a i n  scIT:e crpper bounds f o r  p o ( f i ) -  e a s y  one i s  

n ( n - l ) ,  d e r i v e d  f r o r  t h e  f a c t  t h a t  t h i s  i s  t h e  nlirrber o f  r e f l e x i v e  
3 2  
a n d  a n t i - s y t x m e t r i c  r e l a t i c n s h i p s  O R  S .  A b e t t e r  one w i l l  now be 

d e r i v e d  by u s i n g  Hasse  d i a g r a m s .  The number cjf Kasse  Giagrams i s  

c l e a r l y  l e s s  t h a n  n !  t i m e s  t h e  t c t . 8 1  number c f  u n d i r e c t e d  g r a p h s  



n (  r l - l  ) . The r ~ l t i ~ l i c a t i c n  by n !  i s  2 or: n p G i n t s  h k i c h  i s  

n e c e s s a r y  t c  a l l o w  f o r  a r r a r ; g i n g  t h e  p o i r ; t s  i n  d i f f e r e n t  roiis 

( “ c c l o u r s ’ ’ ) .  Hence p ( r ( ) < n ! -  0 
t a b l e  l a t e r )  seems t c  i n d i c a t e  t h a t  p o ( n ) >  

have  n o t  beer, a b l e  t o  ccn;e even c l c , s e  t c ;  t h i s .  

F i n a l l y ,  t h e  iorri .Lla f o r  p ( c )  i n  t e r n : s  o f  p o ( n )  g i v e s  u s ,  t h z t  

p o (  n )  < p (  n )  < n !  

The c ;enera l  c r d e r s  G f  m a y r i i t u . d e  o f  p ( n )  and p o ( n )  w i l l  now be 

e x p r e s s e d  i n  t h e  f G l l o w i n g  s t a t e r e n t  which i s  merEly a weak d e -  

n ( n - l ) .  Numerical  e v i d e n c e ,  ( s e e  
K(ri-1) 2 f o r  n > l  b u t  I 

2 2  

n i L - l >  B n > l  . n 2 2  

d u c t i o n  from t h e  a b o v e .  

f o r  any  E > O .  

The l a s t  s t a t e m e n t  f o l l o w s  f rof i  t h e  f a c t  t h a t  B n =  o(ean ) f o r  any  

a > O  ( S e e  S z e k e r e s  a n d  B i n e t  [ 5 ] ) .  Of c o u r s e ,  what  one s h o u l d  l i k e  

2 

t o  have  i s  t h a t  t h e r e  i s  a c c n s t a r i t  a > @  s u c h  t h a t  2 ( o + ~ > n ‘  i s  t c o  
2 

l a r g e  and 2 ( a - ~ ) r l  

s t r c n g l y  s u s p e c t e d  t h a t  a=+ i s  the  r i g h t  a r , s v e r  and a c t u a l l y  t h e  

f o l l o w i n g  t a b l e  s c g g e s t s  t h e  even s t r o n g e r  c o n j e c t u r e  t h a t  f o r  n > l  

t O G  s m a l l  for  p o ( n )  and p ( n > .  I t  i s  t o  be 



0 
6 _.' . , .  

T a b l e :  

P O W  P ( n >  'n n 

1 1 1 1 

2 3 4 2 

3 19 2 9  5 

4 2 1 3  355 1 5  

5 4,231 6 , 9 4 2  52 

6 130 ,023  2051,527 203  

7 6 , 1 2 9 , 8 5 9  9 , 5 3 5 , 2 4 1  877 

, As a check  f o r  t h e  a c c u r a c y  o f  t h e  f i g u r e s  ir? t h e  t a b l e ,  c o t e  t h a t  

p ( n )  i s  a lways  a n  ccld nurrfber a n d  p ( n )  has  t h e  s a m  p a r i t y  a s  B n .  

T h i s  f o l l o w s  by n c t i n g  t h a t  i f  R i s  a p a r t i a l  o r d e r  r e l z t i o n s h i p  
0 

on S ,  ther :  t h e  o p p c s i t e  p a r t i a l  o r d e r  R '  ( i . e .  x R '  y i f f  y R x )  

i s  d i s t i n c t  frcni R i n  a l l  c a s e s  e x c e p t  f o r  t h e  t r i v i a l  p a r t i a l  

c i rder  where  x h y i f f  x y .  Hence p , ( n )  = 1 ( m o d  2 )  and S o  
E 

~ ( n )  = a n , k  = B n  ( n o d  2 ) .  Follo:.rincj 6 c o n j e c t u r e  o f  t h e  a u t h o r ,  
k = l  

P r o f e s s G r  l e  Bru i jn  has  s h w n  t h a t  E n  i s  even  i f  and o n l y  i f  

n=2  (mod 3 ) .  This shows  t h a t  p ( n )  i s  even  i f  n=2 (n:od 3 )  and o d d  

. 

o t h e r w i s e .  See  E51 f o r  r e f e r e n c e s  t o  t a b l e s  o f  13,. I s h o u l d  

l i k e  t o  p o i n t   ut t h a t  t h e  o r d e r s  o f  fi?aSnitL;de f c r  t h e  ncn-homoo- 

morph ic  t o p o l c g i e s  a r e  s t i l l  i n  t h e  same n e i g h b o u r h o o d  a s  

p ( n )  o r  p o ( n )  ( v i z .  z a n  , * < a < $ )  - s i n c e  t h e y  d i f f e r  a t  most by a 

f a c t o r  o f  n!. 

2 

I t  i s  e a s y  t o  s e e  t h a t  p ( n ) > n p ( n - 1 )  a s  a l s o  t h a t  p o ( n ) ~ n p o ( n - l ) .  

B o t h  t h e s e  f a l l o w  ( a n d  can  b e  c o n s i d e r a b l y  i m p r o v e d )  by th.e f o l l o w -  

i n g  a r g u m e n t ,  g i v e n  fo r  T o - t o p o l o g i e s .  Given n p o i n t s ,  c h o o s e  any 



one  p o i n t  ( i n  n ways)  a n d  d e f i r ; e  i t s  c l o s u r e  t o  be t h e  whole s e t .  

For  t h e  r e s t  o f  t h e  p o i n t s  c h o o s e  any T o - t o p o l o g y .  

g i v e s  a T o - t o p o l o g y  and p O ( n ) > n p p o ( n - 1 )  i s  p r o v e d .  S i m i l a r l y  f o r  . 

p ( ~ ) .  Hence 

The w h o l e  s t i l l  

n 

k = l  
I t  a l s o  f o l l o w s  frclii p ( n ) =  a n k p 0  ( k )  t h a t  l i p ,  ( p ( n ) - p , ( n ) }  = +a. n +a 

Cu'hett-;er l i m  dn) 
l i m i t  i s  f i n i t e  arid between 1 a n c i  2 .  

= 4- a or r i o t : ,  I d o  n o t  k n o w .  I s u s p e c t  t h a t  t h e  n- p o r n  
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